IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

On the bound state of holes for the square-lattice Hubbard model with resonating valence

bonds

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1989 J. Phys.: Condens. Matter 1 10143
(http://iopscience.iop.org/0953-8984/1/50/015)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.96
The article was downloaded on 10/05/2010 at 21:19

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/1/50
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys.: Condens. Matter 1 (1989) 10143-10151. Printed in the UK

On the bound state of holes for the square-lattice
Hubbard model with resonating valence bonds

A F Barabanovt, L. A Maksimovi and A V Mikheyenkov?

+ Institute for High Pressure Physics, USSR Academy of Sciences, 142092 Troitsk,
Moscow Region, USSR
1 IAE Kurchatov Institute, 123182 Moscow, USSR

Received 21 November 1988, in final form 10 April 1989

Abstract. The Hubbard model for the square planar lattice in the limit #/U < 1 is discussed.
The ground state is chosen to be the product of the Hubbard model’s exact solutions for
four-site blocks. One-particle excitations appear to be Fermi particles with spin 4. Their
effective mass near the bottom of the band coincides with the effective mass of excitations
in the paramagnetic state in the ‘Hubbard-I’ approximation. However, minima of the
spectrum are situated at other points in the Brillouin zone. The possibility of the binding of
two excitations intosinglet pair with charge 2eis demonstrated. Cohesive energy is calculated
to be equal to 0.1z, The superfluid state of the Bose gas of such pairs is assumed to be
connected with high-T7, superconductivity.

1. Introduction

The Hubbard model [1] for the square planar lattice with resonating valence bonds
(RVBs) [2] has been recently treated in connection with the high-T, superconductivity
problem. In particular, the possibility of hole pairing has been discussed. For. this
purpose it is important to construct the RVB ground state W, as well as to determine the
elementary excitation spectrum.

The RVB state W, is usually constructed on the basis of the two-electron nearest-
neighbour singlet @, [3-6]:

@ = H(af by — biaf) = 2(t/U)(af bi - bia7)] M

where ¢ and U are standard model parameters, and a; and b; create an electron on the
ith site with +4 and —4 spin projections, respectively. We shall construct W, originating
from the singlet ground state |4°) of a square four-site block with four electrons. In
comparison with ®, (equation (1)) the singlet state |4°) is more appropriate for square
symmetry of the problem and from the very beginning takes better account of short-
range order. In the following, we determine the variational energy value for the ground
RvB-like state on the two-dimensional square lattice with one electron per site: a =
t/U < 1. We also calculate the elementary one-particle excitation spectrum. In our block
approach, excitations are naturally described as small magnetic polarons—the lowest-
energy states of the block with three electrons. We demonstrate that it may be ener-
getically favourable for two such excitations to be bound into a localised pair, i.e. a
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bipolaron. It should be emphasised that our results have a variational character; the
approximations involved are discussed at the end of each section. We shall also discuss
the special case of the RvB state for a square ladder, which was recently considered in

[7].

2. Variational ground-state function

The Hubbard Hamiltonian has the form

H=12 (afa,+bib))+ U2 aiabib, ()
@ i
As usual, t and U are the hopping integral and the on-site Coulomb repulsion, and (i)
denote nearest neighbours. For construction of the ground state let us now divide the
plane into square four-site blocks and rewrite the Hamiltonian in block form:
H=2hyt 2 b ha= 2 X356l
n {nm) S,
. s 3)
b = 2 (Hilsp XSV D! 4 wc)
where A, is the Hamiltonian of the block , 7, is the inter-block hopping operator. {nm)
are the nearest-neighbour blocks, X% is Hubbard’s operator [1] transferring the block
n from state p to state A, |.S) is the eigenstate of the four-site block with S electrons (s =
0-8) and energy &k, i is the set of quantum numbers and #4;¥, are the corresponding
hopping matrix elements. Transformation from (2) to (3) is exact because (3) is simply
the representation of Hamiltonian (2) in the basis of the block operators X%,

It is at first necessary to find eigenstates |S) of a block containing § electrons. It is
appropriate to choose indexes i to be the eigenvalues ¢, v of the block’s Hamiltonian
symmetry operators: C, indicates rotation by 7/2, and 0, reflection by the Oy axis. The
ground state |4°) for the block with four electrons (one electron per site) appears to be
asinglet. Ithasqg = —1, v = +1 and energy £} = —12a#[1 + O(a?)]. The expression for
its wavefunction is presented in the Appendix. Let us note that the first excited state |41)
has spin equal to unity and e} = —8az.

We now introduce a variational wavefunction of the ground state of the system with
4N electrons (N is the number of blocks). It is constructed on the base of |4°) and all
states |3), | 5/) with three and five electrons in a block:

=31+ Sppe i e, w =14 @)

n &1} n
where ] are variational parameters, and g is the nearest-neighbour vector for the block
lattice. The zero approximation Wy is built from independent blocks with four electrons
in the singlet state | 4°) with lowest energy £J. Straightforward calculations of (W | H| W)/
(W| W) with the trial function (4) involving all states |3'), |5/) lead to a variational value
of energy per block, i.e. €¥ = &} + &,, &, = —dat, e’ = —16at + O(a’r); thisis the same
value of energy per site, i.e. eg= g9/4 = —4at = —41*/U, as for the classical Néel
state (ey). However, the state (4) has the following typical RVB properties: magnetic
sublattices are absent, the mean spin projection on each site is zero, while the anti-
ferromagnetic correlators are non-zero.



Square lattice Hubbard model with RVBs 10145

For a quasi-one-dimensional square ladder the same calculation yields e’ = —3.5az
for the energy per site, in contrast with e} = —3at. For a one-dimensional chain (two-
site block), e = —2.5a¢ [8] and lies much closer to exact solution e, = —2.77at [9]
thanto ey = —2at.

The function W, (4) accounts for correlation mainly inside the 2 x 2 block. If Wy,
has the form (4), the energy e, in the linear approximation in « is not lowered because
of the complicated nature of state |4), i.e. by admixing other states |4'). In order to
account for long-range correlation, one must enlarge the block size in (4), dividing the
plane into blocks of 16 sites (compare [8]). It is difficult to diagonalise the Hamiltonian
of such a block, but we may construct its states approximately. The states of the 4 X 4
block may be considered as non-factorisable combinations which include products of
the states of four 2 x 2 blocks. Taking into consideration hops between them (states
|15) and |17')), we obtain in the simplest case e = —4.06at for the energy per site. An
analogous complication for the quasi-one-dimensional square ladder leads to an energy
e = —3.56at.

Notethatthe variational estimate of energy e = —3.73a¢ for asquare ladder obtained
in[7]is lower. The trial function in [7] is a superposition of different bonds (1) connecting
pairs of nearest-neighbour sites and it accounts for correlation on the scale of several
blocks better than function (4) does. Nevertheless, the trial function in [7] is essentially
quasi-one-dimensional and is difficult to generalise for the plane case; this function
should also not be used in considering one-particle excitation.

The block structure of trial function (4) allows us to take better account of correlation,
but at the same time the block structure is the drawback of function (4), because it leads
to an artificial change in the lattice period (which doubles in the present case).

3. One-particle excitations

Let us consider one-particle hole-type excitations above ground state (4). One must use
block states |3') with three electrons in a block to construct wavefunctions of such
an excitation (we shall classify these states, as all other block states, by the block’s
Hamiltonian symmetry group representation). Every state |3') is characterised, besides
the symmetry indexes g, v, by the value of energy €} and spin of the block in this state.
The ground state |3°) has a spin £ (i.e. it is a quartet) and energy €3 = —2¢ + O(at); its
value of ¢ = v = —1. The next four states |3"°“) are transformed by the two-dimensional
representation C,|3%%) = —p|37%9), v = =1. The spinis } (two degenerate doublets),
and the energy €5 = —V/3t + O(af). The wavefunctions of these states are presented in
the Appendix.

The state | 3’) is in fact an immovable magnetic polaron, restricted by the block sizes.
Let us take into consideration possible motion of polaron, which may lead to energy
lowering. Then, in the framework of the ground state involved, the trial function of
hole-type excitation is as follows:

W, = > exp(ip - n) XJ*'W,, (5)

where n is the block’s vector, and the quasi-momentum p lies in the reduced Brillouin
zone.

The spectrum of states (5) is defined by the matrix elements (43, .3} |H[493],. ). It
is easy to show that these matrix elements containing states |3%) are equal to zero,
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because the state |3°) has spin, equal to §. That is why the energy of the state 1/;2 is
independent of the momentum and is equal to —2¢+ O(ar). The spectrum cor-
responding to states built from |3°-9) is equal to

e,(p) = €5 + &, 3 = —2yv[cos(P,2a) — cos(p,2a)] — &,
y =49, 399 H|49322,) = 0.125(1 + 2V6ar + O(a?)]

where a is the lattice constant. Thus the hole in the state with the lowest self-energy |3°)
is immovable, and the energy of the state |3%:9) is lower than the energy value of |3%),
because of motion through the crystal. The hole in the state | 3°:9) has the lowest energy
ey = —(V3t + 4y) + O(ar) = —2.23r and band width 8y = ¢. Note that, unlike the case
of RvB, motion of the holes in the Néel state is difficult [10]. The effective mass of the
hole |3%:9) near the bottom of the band is 1/8ya% It coincides with the ‘Hubbard-I’
approximation. The hole band (6) is degenerate in v, because the representation of the
|3v-9) transformation is two-dimensional. In the following this feature appears to be
essential when considering the bound states of two holes.

The spectrum of electron excitations (five electrons in a block) can be found in a
similar way. This calculation is simplified by the electron-hole symmetry of the problem
and leads to the following expression for the gap in the one-particle excitation spectrum:
A = U — 4.46¢. Itshould be noted that Hubbard’s scheme for Green function decoupling
in the paramagnetic ground state yields A = U — 4¢, and for the Néel state A = U —
t2/U. The corresponding gap values in the one-dimensional case are U — 3.27¢ (present
approach), U — 2t (decoupling) and approximately U — r2/U (the Néel state). Rigorous
solution, which is known in one dimension only, gives A = U — 4¢[9].

Note the following restrictions of the variational deduction of spectrum (6).

(6)

(i) The magnetic polaron size is restricted by the 2 X 2 block.

(ii) The wavefunction (5) does not account for the hybridisation of state |3%:9) with
higher states|3). Such hybridisation could take place because of the inter-block hopping
part of the Hamiltonian.

(ili) Spectrum (6) is sensitive to the specific form of the ground state W,,. It can be
seen from (6) that the kinetic energy y directly contains block states from W,,.

Nevertheless, we consider, that the spectrum of excitations above the RvB-like
ground state near the bottom of the zone is described sufficiently well by equation (6),
and this expression is dramatically different from the spectrum in the tight-binding or
‘Hubbard-I’ approximation.

4, Two-particle excitation spectrum

Let us now consider the case of two holes in the system. We shall describe the holes
localised in different blocks by the states | 3°:%), which were found earlier. One must also
consider the situation of two holes in one block, involving block states |2) with two
electrons, i.e. with two holes.

State |2°) with the lowest energy €} = —2V/2tis a singlet; is has g = v = +1. Itis
discussed in the Appendix. In fact, state |2) is a bipolaron, in the same sense as |3) is a
polaron. It is noteworthy that the first excited state |2!) has the energy &} = —2z.

The effective interaction of two neighbouring holes is determined by their hopping
into one block |3,)13,+,— [4,)|2,-,) and by the inverse process. 2¢§ < &3 + £ and so,
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from the viewpoint of the block’s self-energies, the interaction of holes has a repulsive
character. However, it will be seen in the following that consideration of the dynamical
processes, i.e. the matrix elements (2, , /4,| H 13,3,+¢), may lead to the attraction of two
holes. The symmetry of states | 2°), |4°) is such that this matrix element is non-zero only
inthe case whenstates|3,)and |3, ,) have opposite spin projections o and equal parities
v. Simple but cumbrous calculation yields 7 = (29, ,4%|H|3%°35::7) = 0.197t.

We shall consider the problem of two holes in the system against a background of
W, (equation (4)). When describing holes, we shall restrict ourselves to the states with
lowest energy, i.e. |2°), |3/) (j = v, 0). Then the Hamiltonian in block projection
Hubbard operators is rewritten in the form

H=2 (e,X2 + X e3Xi) + v 2 S, XiXY,,
n j i

n.g,j

+1 X S,o(XIXY,, + Xk XY
n.g.j (7)

j=(U’U) ]T=(U5—a) v,0==%x1 Sg=(’gx}_|gy‘)/|g‘=i1
&= -2Vt g5 =—V3t

S, accounts for the fact that matrix elements with hops r along the Ox and Oy axes have
different signs.

The Hamiltonian (7) describes the self-energies of polarons and the bipolaron, free
motion of polarons (partly by the matrix element y from (6)) and the formation of the
bipolaron. The Hubbard operators on each block are connected by the constraint
X¢+Z X+ X2=1

The spectrum of the system is determined by the poles of the retarded Green
functions

n = (XX nnem = O(XA X0 | 200D j=,0). @)

In the equations of motion for these Green functions we shall omit commutators in
the right-hand side, which are unimportant for spectrum determination:

(Z - 82 )Fn =T 2 (Gz,n+g + Gft+g,”)
g,v

(Z - 283)G$t,n+m =T E 6m,gSg(Fn + Fn+g)
s 9
+ (1 - 6m.0)72 DSg(Gﬁ,n+m+g + Gz+g,n+m)

g.v

z=w+ 1.

These equations are deduced as a result of the simplest decoupling of ‘Hubbard-I’
type. We ignored states with more than two holes in the system and assumed that
(X#) = 1. The first of equations (9) describes the break-up of the bipolaron into two
polaronsin neighbouring blocks. The second equation corresponds to the inverse process
and to the free motion of polarons. System (9) is analogous to the system of equations
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appearing in the problem of the bound state of two spin waves. It can be solved exactly
if one makes a Fourier transformation:

F?= N2 exp(ig-n)F,

Gy =N22 exp(ig-n+ik-m)G: ,,sn

(z - &)F" =1 X PIG™ (10)
kv

(z - 283)GZ” = tPZF‘I + ‘}/UGZU —yv kEIPzIGZ’;

P? =2, [1 + exp(iq - g)] exp(—ik - g).
4
q is the total momentum of two polarons. The solution of system (10) leads to the
following equation, which determines the spectrum z = w(q):

OU+(1-0)w=w;!

0 = (y/7)’ U=¢g, —2¢

wq=2[w+i()—g<2+k>_8<2_k>r (11)

3 2 2
e(k) = 2y[cos(k,2a) — cos(k,2a)].

Here the spectrum (11) is measured from the centre of the zone of the two holes of
energy 2¢;.

One type of solution of equation (11) describes the free motion of two particles with
totalmomentum g and the lowestenergy —8y. However, we are interested in the solution
corresponding to the stable bound state of two holes (w, < —8y). Analysis of equation
(11) shows that such solutions appear when the following inequality between the energy
parameters of the Hamiltonian is fulfilled:

gY@ 1 -1)>U. (12)

(8 in the left-hand side is replaced by 4y in the case of a square ladder.)

This condition is true for the parameters y = 0.125¢, ® = 0.26 and U = 0.64 of the
problem obtained earlier. The bottom of the zone of bound states is at ¢ = 0. Equation
(11) with these parameters yields for the gap A = —8y — w, -, the value A = 0.1¢. Itis
close to the gap obtained in [11] by means of a variational treatment. When A < 87, the
effective mass m is 2m,, where m, is the mass of one hole. An analogous consideration
for one chain based on two-site blocks does not lead to the bound state because condition
(12) is violated.

Thus, in the framework of the approximations involved, we are led to the conclusion
that two independent holes on a plane are energetically favoured to be bound into a
singlet pair with charge 2e. This pair is the state |2°) with a coherent admixture of two
states |3":9).

The results of this section are obtained with the following approximations:

(i) the approximations noted at the end of § 4;



Square lattice Hubbard model with RVBs 10149

(i) on the assumption that it is enough to consider only the ground state |2°) to
describe the bipolaron;

(iii) by considering only two holes, which corresponds to the case of a low hole
concentration.

5. Conclusion

To summarise, we have constructed a simple RvB-like state on the base of square blocks,
found the one-particle elementary excitation spectrum and shown the possibility of
binding for two holes in the framework of the planar Hubbard model. We should
emphasise that our RvB approach contains reformulation of the one-site Hamiltonian
(2) to the block form (3). In such an approach a hole is considered as a magnetic polaron
of size equal to the block size. Two holes in the system may correspond either to two
polarons (holes in different blocks) or to a bipolaron (holes in one block). In this case
the block Hamiltonian is equivalent to the Hubbard Hamiltonian with on-site (where
the new ‘site’ is the block) repulsion, i.e. U= &, — 2, > 0, which is of the order of
hopping . Another difference from the usual Hubbard Hamiltonian is that the matrix
element 7 of hole hopping to the block containing another hole appears to be larger than
the matrix element y of hopping to the block without holes. This dynamical mechanism
may be responsible for pair formation.

Our method has a variational character. Only the lowest-energy states of polarons
and the bipolaron were considered when calculating the excitation spectrum. So the
conclusion that it is energetically favourable for two holes to be bound into a pair in the
limit ¢ < U is obviously inconclusive.

At low temperatures, the Bose gas of such pairs undergoes superfluid transmission,
which corresponds to the possibility of superconductivity in the model discussed.

Let us evaluate the lowest value of the parameter a = t/U when one can neglect the
formation of a ‘ferromagnetic bag’ [12, 13]. For this purpose we compare at fixed « the
energy of a RVB state with one hole (the minimal value — (V'3 + 0.5) was formerly
obtained for this energy) and the energy () of the hole localised in the ferromagnetic
region containing N sites. The energies e:(N) for N =1.4, 8 and = are equal to 0,
—2t, —-2.62¢t and —4t¢, respectively. If we take into account that for each site in the
ferromagnetic region one has energy deficit 4at relative to the RVB state, we easily
conclude that the RVB state is stable at least when o > 0.025. Thus, there is a sufficiently
large o range where the involved approximation & < 1 holds.

Appendix

In the following, some states of the four-site block discussed in the text are presented.
af and b} create an electron on the ith site (i = 1, 2, 3, 4, clockwise from the higher
left site) with 4 and —# spin projections. C, is a rotation by 7z/2 (change in indexes 1 — 2,
2—3,3—4,4-1). 6,is a reflection by the Oy axis (1 22, 3=24). |0) is the vacuum
state.
The lowest energy four-electron state |4°) is



10150 A F Barabanov et al

4
|40> = WkE Vk|Xk>
=1

1 A
X1y =75 (1 - C.)aibiaibt |0)

| X;) =140 _a{ a3 b7 b7 |0)

3 ) 4 -1
@q= > gmCr g==1 w=<2 vf)
m=0 i=1
v, = -V?2 vy =1 v; = —6a + O(a?) vy =6a% + 0(a?).

The three-electron ground state |3°) is a quartet. The next four states |3*:9) are two
degenerate doublets. In the following, only states with spin projection —% are given.

[3%) = we(&1 [hL ) + &, |h2) + &3 R ) + E41hY))
4 -1/2
W§=<§§%> £ =V2 §=-1 §,5~«

3%7) = (1I/V2)(|K™) + v|L7))
K™Yy =w,(—u [ io) + pa| P32 ) + s | B3) — pal k3= ) + us|h3s ) — ue| h))
IL7)=w,(uy|h3e) + pal Rl ) + us |3y + ua|h3) + us B3 ) + ue| k)

w <§ 2>_1/2 "—1 —1 !
- i = = = , s ~
u i=1ﬂ H1 N/ U V2 U3 V3 Yas Us, Ue

i) = (1/2v2), T,
|R1®y = 36,T,|p1®)
|RZD) =30, [h%D)  |h¥D) = (1/2V2)0;
[hiD) = (1/2V2)0,|h*®)
0,=2¢(,-¢C) 6,=210-¢) T,=1+s5C;'6, gq,5==1
|h') = b3b3a|0) \h?) = bfaibi|0)

|h*) =a3bibi|0) |h*) =a3bib}|0).

BOY Ry =16,T, K1)

h2(4) >

The singlet two-electron ground state [2°) is
2% =w(|d}) - |d%.) + n|di))
|d})=140,atb1|0) i) =(1/2V2)®,T.a3b5|0)
di)=10.a7b3|0)  m~a  w=@+n})7R
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